ABSTRACT. New conditions of the preservation of an exponentially stable invariant toroidal manifold of linear extension of one-dimensional dynamical system on torus under small perturbations in ω-limit set are established. This approach is applied to the investigation of the qualitative behaviour of solutions of linear extensions of dynamical systems with simple structure of limit sets.
Introduction
Consider a dynamical system in k-dimensional Euclidean space dx dt = v(x), x∈ R k .
Let the system (1) have an m-dimensional invariant surface-a torus T m . In a neighbourhood of a torus T m it is convenient to introduce the so-called "local coordinates" ϕ 1 , . . . , ϕ m mod 2π, x 1 , . . . , x n (n = k − m), where x 1 , . . . , x n are coordinates in transversal direction to T m .
In new coordinates the surface T m has a representation x = 0 and in general, the equation (1) has the form
where G and F are nonlinear functions. The basic approach to investigate the invariant sets of such system is based on the linearization and then applying iterational techniques.
In this context, two important questions have appeared: the first one is a problem of existence of invariant tori of the system dϕ dt
which is called the linear extension of dynamical system on torus. The second one is a problem of preservation of invariant tori under perturbations of right-hand
where a 1 and A 1 are perturbation terms. It is well-known (see [1] , [4] , [5] ) that if perturbations are sufficiently small on the whole surface of the torus T m they do not ruin the invariant manifold. The purpose of this paper is to establish weaker conditions than the smallness of perturbations on the whole torus. We prove that it is sufficient the perturbations to be small only in ω-limit set of the trajectories of dynamical systemφ = a(ϕ) for the preservation of an exponentially stable invariant toroidal manifold for a system with single frequency. Let C(T m ) be a space of continuous 2π-periodic with respect to each of the variables ϕ j , j = 1, . . . , m functions defined in torus T m . Consider a linear extension of dynamical system on torus
where
. Let ϕ t (ϕ) be a solution of the first equation of the system (5) that satisfies the initial condition ϕ 0 (ϕ) = ϕ.
Along with the system (5) consider a linear system
that depends on ϕ ∈ T m as a parameter. We get the system (6) by substituting ϕ with ϕ t (ϕ) in the second equation of (5).
Ò Ø ÓÒ 1º
By an invariant toroidal manifold of the system (5) we call a manifold that is defined by function u(ϕ) ∈ C(T m ) such that the function
is a solution of system (6) for every ϕ ∈ T m . Suppose C(ϕ) ∈ C(T m ) is an arbitrary square matrix and Ω t τ (ϕ) is a fundamental matrix of linear systemẋ = A ϕ t (ϕ) x that depends on ϕ as a parameter.
ON PRESERVATION OF AN EXPONENTIALLY STABLE INVARIANT TORUS
is called Green-Samoilenko function of the system
holds.
If the Green-Samoilenko function exists, then the invariant toroidal manifold has the form
Ò Ø ÓÒ 3º We call a point ϕ * an ω-limit point of the trajectory ϕ t (ϕ) if there exists a sequence {t n } n∈N in R so that
The set of all ω-limit points for a given trajectory ϕ t (ϕ) is called ω-limit set of the trajectory ϕ t (ϕ) and denoted by Ω ϕ .
The definitions of α-limit point and α-limit set (Σ ϕ ) are analogous for the case n → −∞. Let Ω = ϕ∈T m Ω ϕ .
Main results
Consider a perturbed system of differential equations defined in the direct product of an one-dimensional torus T 1 and an Euclidean space R
Our goal is to establish new sufficient conditions for the existence of invariant torus of the system (11) in the case when the unperturbed
has an exponentially stable invariant toroidal manifold.
Ì ÓÖ Ñ 1º Suppose that for the system (11) the following conditions hold:
(A1) the real parts of all eigenvalues of matrix A are negative: Reλ j (A) < 0, j = 1, . . . , n; (A2) the set Ω is a whole torus T 1 or a finite number of isolated points.
Then there exists δ > 0 such that for every function B(ϕ) ∈ C(T m ) such that B(ϕ) ≤ δ, ϕ ∈ Ω and for every function f (ϕ) ∈ C(T m ) the system (11) has an exponentially stable invariant toroidal manifold.
that depends on ϕ ∈ T m as a parameter admits the representation
where X t τ is a fundamental matrix of a homogeneous system with the constant matrix 
Let U ε (Ω) and U ε (Σ) be the ε-neighbourhoods of the sets Ω and Σ respectively. Consider an arbitrary point ϕ * ∈ T 1 and the trajectory ϕ t (ϕ * ). From the compactness of torus T m it follows that for every ϕ ∈ ϕ t (ϕ * ) the time that a point is moving outside a set U ε (Ω) ∪ U ε (Σ) is finite. Let denote it as T (ϕ * ). Then three cases are possible
, +∞ . Then the relation (14) may be represented as
Denoting
Applying the Gronwall-Bellman inequality, we get
Finally,
and the fundamental matrix Ω t τ (ϕ) satisfies the estimate (15) with a different constantK
We shall note that if a set Ω coincides with the whole torus T 1 , then we directly follow to the case (C3).
For a fixed ϕ
Then the estimate (15) holds for every ϕ ∈ ϕ t (ϕ * ), t ∈ (−∞, +∞).
From assumption (A2) it follows that the quantity of initial points ϕ * that generates different trajectories ϕ t (ϕ * ) is finite, so there exists
Finally we have that
So, we have proven that there exist the constants K 0 ≥ 0 and γ 0 > 0 such that a fundamental matrix of the system (13) fulfills the inequality
From (16) it follows that function
satisfies the inequality
and it is a Green-Samoilenko function of the invariant tori problem. So the system (11) has an exponentially stable invariant toroidal manifold [6, § 5] , that is defined by the relation
Remark 1º
In the case if Ω denotes a non-wandering set of dynamical system dϕ dt = a(ϕ) it is known that the time that every point moves outside the ε-neighbourhood U ε (Ω) is not more than some T > 0 that does not depend on the point ϕ. It means that we do not need the conditions that guarantee the existence of a finite number of different trajectories. So in this case, Theorem 1 is true for a multi-frequency system (m ≥ 1) without the assumption (A2).
Remark 2º
In the case if ω-limit set Ω coincides with the whole torus T 1 Theorem 1 has no advantages comparing to previously known perturbation theorems. It is better only in the case when a dynamical system on torus has a simple structure of ω-limit set (a finite number of fixed points).
Discussion
Proven Theorem 1 and Corollary 1 allow to investigate a qualitative behaviour of a sufficiently wide class of systems that have a simple structure of ω-limit set. Utilizing the Gronwall-Bellman type inequalities for different classes of functions it is easy to prove the analogous results for other classes of differential equations, in particular for impulsive equations (see [3] for details). Thus in [2] the analogue of Corollary 1 for a linear extension of dynamical system on torus with impulsive perturbations at non-fixed moments of time is proven.
